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FINITE DIMENSIONAL MODULES OVER QUANTUM
TOROIDAL ALGEBRAS
LIMENG XIA
Institute of Applied System Analysis, Jiangsu University
Zhenjiang 212013, Jiangsu Prov. China
Abstract. The representations of the quantum toroidal algebras
have been widely studied by many authors. However, no one has
constructed some finite dimensional modules for them while q is
generic. In this paper, for all g-generic q, we prove that the quan-
tum toroidal algebra Uq(gtor) has no nontrivial finite dimensional
simple module.
1. Introduction
In 1987, Drinfeld gave an extremely important realization of quan-
tum affine algebras. In this view, a quantum affine algebra is a central
extension of a quantum loop algebra. Drinfeld’s realization is based on
the Kac-Moody type structure, then it can be applied to construct the
affinization of quantum affine algebras. Such new algebras are called
quantum toroidal algebras.
The quantum toroidal algebra Uq(gtor) in type A was first intro-
duced by Ginzburg, Kapranov and Vasserot [GKV] in connection with
geometric realization and Langlands reciprocity for algebraic surfaces.
Moreover, in the case of type A, the quantum toroidal algebra Uq(gtor)
has a further deformation Uq,p(gtor)(see [VV], [FJW]).
Besides the realization of Hecke operators for vector bundles on alge-
braic surfaces, Varagnolo and Vasserot [VV] proved a Schur-Weyl dual-
ity between representations of the quantum toroidal algebras Uq,p(gtor)
and elliptic Cherednik algebras. Vertex representations of the quantum
toroidal algebras Uq(gtor) in ADE types were also realized via McKay
correspondence(see [FJW]).
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In series papers ([M1], [M2], [M3]), Miki studied the structures and
representations of the quantum toroidal algebra Uq(gtor) exclusively in
type A. In [GJ], the authors constructed explicitly an irreducible vertex
representation of the quantum toroidal algebra Uq(gtor) of type A on
the basic module for the affine Lie algebra ĝlN . In [S], Saito studied
the vertex representations for quantum toroidal algebras.
The quantum affine algebras have non-trivial finite dimensional ir-
reducible modules, and these modules can be parameterized by the
Drinfeld polynimials (see [CP1], [CP2], [CP3]). As the affinization of
quantum affine algebras, can one construct some finite dimensional
irreducible modules for the quantum toroidal algebras? However, in
aforementioned references, all modules of quantum toroidal algebras
are infinite-dimensional (except the case that q is a root of the unity,
for example the remark in the end on [VV]).
There are substantial other papers have researched this topic. Spe-
cially, we refer the readers to a review paper [H] provided by David
Hernandez. In this view, the representation theory of general quantum
toroidal algebras Uq(gtor) was understood as quantum affinizations.
Now a natural problem for generic q arises: does Uq(gtor) have non
trivial finite dimensional simple modules?
In this paper, we show that the finite dimensional simple Uq(gtor)-
module must be trivial for g-generic q if g is not of type A1.
2. main result
2.1. quantum toroidal algebras. Let C = (ci,j)0≤i,j≤n be an affine
Cartan matrix of typeX
(1)
n . Then there exists a diagonalD = diag(d0, · · · , dn)
such that DC is symmetric and (αi, αj) = dici,j . For convenience we
use the following notations:
qi = q
di , [m]i =
qmi − q
−m
i
qi − q
−1
i
, m ∈ Z,
[m]i! =
m∏
k=1
[k]i,
[m
k
]
i
=
[m]i!
[k]i![m− k]i!
, m ≥ 0.
Definition 2.1. The quantum toroidal algebra Uq(gtor) is an asso-
ciative C(q)-algebra generated by elements x±i (k), ai(l), K
±1
i , γ
± 1
2 (i =
30, 1, · · · , n, k ∈ Z, l ∈ Z \ {0} satisfying
γ±
1
2 are central and KiKj = KjKi, K
±1
i K
∓1
i = 1, (2.1)
[ai(l), K
±1
i ] = 0, (2.2)
[ai(l), aj(l
′)] = δl+l′,0
[lci,j ]i
l
·
γl − γ−l
q − q−1
, (2.3)
Kix
±
j (k)K
−1
i = q
±ci,jx±j (k), (2.4)
[ai(l), x
±
j (k)] = ±
[lci,j ]i
l
γ∓
1
2x±j (j + k), (2.5)
[x±i (k + 1), x
±
j (k
′)]
q
±(αi,αj) = −[x
±
j (k
′ + 1), x±i (k)]q±(αi,αj ), (2.6)
[x+i (k), x
−
j (k
′)] = δi,j
γ
k−k′
2 φ+i (k + k
′)− γ−
k−k′
2 φ−i (k + k
′)
qi − q
−1
i
,(2.7)
and the q-Serre relations
Symt1,...,tm
m=1−ci,j∑
k=0
(−1)k
[
1− ci,j
k
]
i
x±i (t1) · · ·x
±
i (tk)xj(t)x
±
i (tk+1) · · ·x
±
i (tm) = 0.
where the Symt1,...,tm denotes the symmetrization with respect to the
indices (t1, · · · , tm) and
φ±i (z) =
∞∑
m=0
φ±i (±m)z
∓m = K±1i exp
(
(qi − q
−1
i )
∞∑
l=1
ai(±l)z
∓l
)
.
2.2. main result. Let C(q, l) = ([lci,j]i)0≤i,j≤n, then there exists a
polynomial detg such that det(C(q, l)) = detg(q
l) for all nonzero integer
l. In particular, if g is not of type A1, then detg(q) is a non-zero
polynomial in Z[q, q−1] and its leading term is qd0+d1+···+dn .
Definition 2.2. The complex number q ∈ C∗ is called g-generic if
detg(q
l) 6= 0 for all l ∈ Z \ {0}.
Note that detg(1) = det(C) = 0, then a g-generic q must be generic.
Our main result is stated by the following theorem.
Theorem 2.3. If g is not of type A1 and q is g-generic, then quan-
tum toroidal algebra Uq(gtor) has no nontrivial finite-dimensional sim-
ple module.
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3. Quantum affine algebras
In this section, we introduce the highest weight vector of Kac-Moody
type. The aim is to avoid the confusion with the terminology highest
weight vector which was used by Chari-Pressley to study the finite
dimensional simple modules of quantum affine algebras.
Although the following results are known to many people, they are
still helpful for some readers.
Definition 3.1. The horizontal quantum affine algebra Uq(gaff) is the
subalgebra of Uq(gtor) generated by elements
{x±i (0), K
±1
i , (i = 0, 1, · · · , n)}.
For arbitrary given m0, · · · , mn, let A(m0, · · · , mn) denote the sub-
algebra generated by {x±i (±mi), K
±1
i , (i = 0, 1, · · · , n)}.
Lemma 3.2. A(m0, · · · , mn) is isomorphic to Uq(gaff).
Proof. In fact, the map
π : x±i (0) 7→ x
±
i (±mi), K
±1
i 7→ K
±1
i
defines an isomorphism of algebras. In the following we shall identify
A(m0, · · · , mn) as Uq(gaff) by this isormorphism. 
Let N± be the subalgebra generated by {x±i (0), (i = 0, 1, · · · , n)}
and let N0 be the Laurent polynomial algebra C(q)[K±10 , · · · , K
±1
n ],
then
Uq(gaff) = N
− ·N0 ·N+.
Definition 3.3. (a) Suppose that V is a Uq(gaff)-module and v ∈ V .
If x+i (0)v = 0, K
±
i v = a
±1
i v for all i, then v is called a highest weight
vector of Kac-Moody type.
(b) A module generated by a highest weight vector of Kac-Moody type
is called a highest weight module of Kac-Moody type.
(c) The module M(v) = Uq(gaff)⊗N0·N+ v is called a Verma module
of Kac-Moody type.
Lemma 3.4. Any highest weight module of Kac-Moody type is a quo-
tient of some Verma module of Kac-Moody type.
Proof. It follows by the definition. 
5Lemma 3.5. Assume that v is a highest weight vector of Kac-Moody
type and V is a simple Uq(gaff)-module generated by v. If dimV < ∞,
then V = C(q)v is trivial.
Proof. For each i, v is a highest weight vector of the quantum group
of type A1 generated by x
±
i (0), K
±1
i . So dimV < ∞ implies Kiv =
±q<λ,αi>v such that < λ, αi >∈ N.
Moreover, there exist positive numbers s0, s1, · · · , sn such that
Ks00 K
s1
1 · · ·K
sn
n
is the center element, which corresponds to the center element γ in the
Drinfeld’s realization of the quantum affine algebra. So dimV < ∞
implies Ks00 K
s1
1 · · ·K
sn
n v = v. We infer that < λ, αi >= 0 for all
i = 0, 1, · · · , n. Then the Verma module M(v) has a unique maximal
submodule J generated by {x−i (0)v|i = 0, 1, · · · }. So V = M(v)/J
∼=
C(q)v. 
In fact, the result of this lemma is beyond what we need in the
following proof.
4. Proof for main theorem
Throughout this section, we always assume that q is g-generic and
V is a finite-dimensional simple Uq(gtor)-module.
4.1. some useful lemmas.
Lemma 4.1. There exist elements ξ(l) for all l ∈ Z \ {0} such that
[ξ(l), x±j (k)] = ±x
±
j (l + k), ∀k ∈ Z, j = 0, 1, · · · , n. (4.1)
Proof. Because C(q, l) is invertible, let (ξ0, · · · , ξn) be the unique solu-
tion of
(ξ0, · · · , ξn)C(q, l) = (l, · · · , l),
and let ξ(l) =
∑n
i=0 ξiai(l). Then
[ξ(l), x±j (k)] = ±
n∑
i=0
ξi
[lCi,j]i
l
x±j (l + k) = ±x
±
j (l + k).

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For convenience, we write
x±i ⊗ f(z) :=
∑
fjx
±
i (j) (4.2)
for all 0 ≤ i ≤ n and f(z) =
∑
fjz
j ∈ C[z, z−1].
Lemma 4.2. There exists f(z) =
∑n
j=0 fjz
j ∈ C[z] such that f0 = −1
and x±i ⊗ f(z)V = 0 for each i.
Proof. Since dimV <∞, there are polynomials g±i (z) ∈ C[z, z
−1] such
that
x±i ⊗ g
±
i (z)V = 0.
If p(z) = g±i (z)h(z), then x
±
i ⊗ p(z) = ±[
∑
hlξ(l), x
±
i ⊗ g
±
i (z)], then
x±i ⊗ p(z)V = 0. Let f(z) = cz
mg−0 (z) · · · g
−
n (z)g
+
0 (z) · · · g
+
n (z), where
c ∈ C∗ and m ∈ Z such that f(z) ∈ C[z] and f(0) = −1. 
Let Ξ =
∑deg(f)
l=1 flξ(l). Assume v ∈ V is an eigenvector of Ξ with
eigenvalue λ.
Lemma 4.3. For all 0 ≤ i1, · · · , ik ≤ n and m1, · · · , mk ∈ Z, we have
Ξ · (x±i1(m1) · · ·x
±
ik
(mk)v) = (λ± k)x
±
i1
(m1) · · ·x
±
ik
(mk)v. (4.3)
Proof. It follows from x±i ⊗ z
mf(z)V = 0 and
[Ξ, x±i (m)] = ±(x
±
i ⊗ z
mf(z) + x±i (m)).

4.2. proof for main result. Because V is finite-dimensional, by (4.3),
there exists v′ of Uq(gaff) such that Ξ · v
′ = λ′v′ and
x+i (m)v
′ = 0, ∀m ∈ Z, i = 0, · · · , n. (4.4)
By (4.4), Uq(gaff)v
′ is a finite dimensional highest weight module of
A(m0, m1, · · · , mn). By Lemma 3.5 and dimA(m0, m1, · · · , mn)v
′ <
∞, we have Kiv
′ = ǫiv
′, ǫi ∈ {1,−1} for all i = 0, · · · , n. Equivalently,
we may assume ǫi = 1 for all i (type-1 module).
If there exists v′′ := x−i (mi)v
′ 6= 0 for some index i and integer
mi, then v
′′ is also a highest weight vector of Uq(gaff) and Kiv
′′ =
q−2i v
′′ 6= ±v′′, this forces dimV = ∞, a contradiction. So we also have
x−i (m)v
′ = 0 for all m ∈ Z and i = 0, 1, · · · , n.
7Therefore, we have infer that Kiv
′ = γ
1
2v′ = v′, x±i (m)v
′ = 0 for all
m ∈ Z and i = 0, 1, · · · , n. This by (2.7) also implies
ai(l)v
′ = 0, l ∈ Z \ {0}, i = 0, · · · , n.
So V = Cv′ is trivial.
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